Cystic fibrosis (CF) is a debilitating chronic condition, which requires complex and expensive 29 disease management. Exercise has now been recognised as a critical factor in improving health and 30 quality of life in patients with CF. Hence, cardiopulmonary exercise testing (CPET) is used to 31 determine aerobic fitness of young patients as part of the clinical management of CF. However, at 32 present there is a lack of conclusive evidence for one limiting system of aerobic fitness for CF 33 patients at individual patient level. 34
programmes that are tailored to specific individual needs relative to patient's treatment therapies. ''step'' transition to a constant work rate corresponding to 110% peak power output (27) . Upon 140 volitional exhaustion (defined previously), a 5-min active recovery (slow cycling at 20 W) concluded 141 the combined CPET session. 142
143

MODEL SIMULATIONS 144
Simulations are widely used in various fields of science and engineering because conducting physical 145 experiments is too costly, or highly time-consuming, or even impossible in some cases (28). In the 146 case of CPET in CF patients, there are also ethical considerations, since the test adds to the treatment 147 burden many children and adolescents with CF already face. 148 149 Often, a primary goal of using model simulations is to perform quantitative studies such as 150 uncertainty quantification or sensitivity analysis. Such studies are crucially important in biomedicine, 151 since there exists significant variation both between and within patient groups. Through 152 understanding and quantification of the uncertainty within the mathematical models, outcomes of 153 patient-specific interventions can be better predicted. However, such investigations require a large 154 number of runs that makes it impractical if each run takes more than a few seconds. To cope with this 155 difficulty, one can use emulators, also known as surrogates, or metamodels or response surfaces 156 (29) . These provide a fast approximation of the input/output relation governed by the underlying 157 simulator. The most important classes of surrogate models have been described elsewhere (30) (31) (32) . 158
The surrogate model employed in this study is based on Gaussian processes (GP), which have 160 become increasingly popular over the last decade (29) . GPs 
RESULTS
173
Data Analysis 174
To facilitate understanding, we first plot in Figure 1(a) , raw data displaying the performance of the 175 participants. The work rate for each participant is increased at a rate that is either, a) dependent on 176 their performance in previous tests, or b) when a prior test is unavailable, at a rate that is predicted to 177 elicit exhaustion in approximately ten minutes (26). This is done in order to keep the expected 178 duration of the test comparable to other participants. Note that this means that the total energy 179 expended by a given participant is not based on the duration of the test alone. In Figure 1(b) , we 180 show how participant age affects overall test performance. We observe a correlation between the two: 181 the worst performing participants tend to be the youngest, but this effect is insignificant at older ages. 182
The colour coordination used in this figure (red-worst performance → blue-average performance 183 →green-best performance) will be used throughout the remainder of this section, where performance 184 is quantified by the total energy transferred during the test. We next examine the effect that breathing patterns have on participant performance. Two classical 203 prognostic measures used for patients with cystic fibrosis are the forced vital capacity (FVC), and the 204 forced expiratory volume in one second (FEV 1 ). These measures have been shown to be well 205 correlated with mortality and overall fitness of CF patient groups (38-40). In Figure 3 , we 206 demonstrate how these metrics are correlated with performance in the CPET test. In Figure 3(a) , we 207 observe good correlation between FVC and the maximum tidal volume (TV) of breathing achieved 208 throughout the test. This is unsurprising since participants are likely to be trying to maximise their 209 breathing depth close to their exhaustion point. However, notice that, although the group with low 210 FVC performed poorly, this measure was unable to separate other participants. 
218
In order to better classify the performance of the participants, we must instead look for other factors. 219
In Figure 4 , we present the total breathing rate against the oxygen consumption throughout the test. 220
In Figure 4 (a), we find a strong relationship between test performance and respiratory pattern. Note 221 that the curvature of the graphs suggests that an exponential fit, rather than a linear one, is most 222 appropriate for these data. In order to test this, we take logarithms of the data and perform a linear 223 regression, ignoring the first 180s of the test since participants are here in the warm up phase (work 224 rate is not increasing) and the final 60s of the data prior to volitional exhaustion, since participants 225 pass their respiratory compensation point, inducing hyperventilation and erratic breathing. The 226 
Gas Exchange Threshold 277
Under steady state levels of exercise, the metabolic rate of production of CO 2 is assumed to be 278
proportional to the utilisation rate of O 2 via the cellular respiratory quotient, since (after the initial 279 rest-work transition) adenosine triphosphate (ATP) is replenished primarily via aerobic metabolism 280 pathways. As the work rate increases, this pathway becomes unable to supply sufficient ATP to 281 satisfy the required amount of energy and anaerobic pathways have to contribute to overcome the 282 shortfall. In doing so, they increase the levels of waste products, such as lactate and also increase the 283 overall production rate in CO 2 . The point at which this occurs is known as the anaerobic threshold 284 (AT) or sometimes referred to as the lactate threshold. However, this is difficult to directly measure 285 in vivo during exercise, and as such the GET is utilised as a non-invasive surrogate of the AT (41) . 286 287 The time at which participants cross the anaerobic threshold is well correlated with overall 288 performance, as shown in Figure 8 
Gaussian Processes-based Modelling 300
A Gaussian Process (GP) defines a probability distribution over functions where the true function is 301 considered as a particular sample path. In our modelling, we attempt to describe the influence of 302 breathing patterns and V O 2 on the AT, since this is shown to correlate well with overall test 303 performance (see Figure 8) . In mathematical terms, we treat AT as our scalar output variable, with 304 input variables comprising: baseline breathing rate and tidal volumes, and O 2 consumption rates at a 305 fixed ventilation rate, FVC, FEV 1 , and the rate of changes in breathing rate and tidal at exercise 306 onset, using the slopes calculating in Figure 4(b) . Thus, we have an output variable dependent on 307 seven input variables, which we conveniently store in a vector x ∈ ⊂ ℝ , with d=7. We now 308 assume that there exists a 'true' function f: D → ℝ, such that AT = f(x). 309 310 A GP is fully specified by its mean, µ, and covariance K, which are both functions of the input 311 
344 could be the performance in the CPET or V O 2max, since these are the primary biomarkers for gauging 372 aerobic fitness. However, the use of the GET has been shown to have high agreement with the lactate 373 threshold (another surrogate for the AT), and related to disease severity in CF (43). Furthermore, as 374 reported in Figure 8(a) , the AT location for a given patient correlates well with their overall 375 performance in this test. Furthermore, by constructing a predictive model to approximate the AT 376 values for a patient, we can hope to further extend this to identify contributions of aerobic and 377 anaerobic pathways in supplying ATP to meet the demand imposed during the exercise test. 378
379
The initial exploration of results highlighted that both ventilation parameters and metabolic rates of 380 O 2 consumption were the primary factors influencing test performance. It is clear that V O 2 should 381 play a significant role in determining the AT location, since it is a proxy for oxidative 382 phosphorylation which is the main pathway for ATP synthesis in steady state exercise. As a measure 383 of oxygen uptake efficiency in our model, we use the oxygen consumption rate at a fixed total 384 ventilation rate (that being 0.822 L/s) as an input (independent) variable for each patient. 385
386
There are a number of ventilatory input variables incorporated in our simulator. Given their potential 387 importance as clinical biomarkers, highlighting the limitations of lung capacity and function, we 388 include FVC and FEV 1 as input (independent) variables. During the aerobic exercise test, participants 389 spend three minutes cycling at a minimal work rate, over which we quantify their baseline breathing 390 frequency and baseline tidal volume by taking the means of these variables over this period. To 391 capture the dynamics response associated with the exercise, the rates of change of breathing 392 frequency and tidal volume are calculated, based on the fits obtained in Figure 4(b) . The rates of 393 change of these ventilatory variables indicate how participants respond to changes in workload and 394 were shown in Figure 6 (b) to discriminate between participant performances. Moreover, differences 395 in rates of change of breathing frequency and tidal volume have previously been shown to be 396 significantly different between control groups and CF groups (44), suggesting that these are 397 potentially key biomarkers for assessing aerobic fitness in patients with CF. 398
399
GP Emulator Performance 400
The GP emulator was constructed using the data presented above, with AT calculated using 401 previously described methods (41) . These data were used to train the emulator. For the prior 402 distributions, a first order polynomial regression was used for the mean, whilst a squared-exponentialagainst the remainder of the sample points to approximate the AT value for that patient, given their 407 input variables. The results of this are presented in Figure 10( The emulator has reasonable accuracy, in spite of the small sample size. In general, for high accuracy 421 in GP emulator, the number of sample points (corresponding to the number of patients in our case) 422 should be at least ten times larger than the number of input variables (45). Clearly, there is a need to 423 acquire further data points to improve the predictive capabilities of the emulator. For each patient, the 424 95% confidence interval around the predicted point contains the true value. Moreover, the relative 425 errors for many patients is small (considering the low sample size), though we note that some 426 patients, (3 and 7), the error is high. This highlights a need to extend this study to include more data 427 to refine estimates around these points, particularly to deal with the high variability of lung function 428 parameters in this patient group (46). 429
430
DISCUSSION 431
Our primary modelling aim is to eventually use the model to evaluate how CF impairs exercise 432 tolerance relative to increasing ventilatory and metabolic demands. Our predictive model could also 433 be used to evaluate therapies and their effect on exercise performance. Ultimately, we hope that this 434 will form a series of steps to design better exercise treatment that is tailored to specific individual 435 needs relative to patient's treatment therapies, a treatment modality that is affordable, and 436
personalised (47). 437 438
The data analysis and modelling results have highlighted the dependence of CPET performance on 439 variables associated with ventilation and metabolic rates of O 2 consumption. Whilst these 440 observations are, in themselves, not novel, we believe that this is the first attempt to mathematically 441 model the relationship between ventilatory dynamics, V O 2 and performance in CPET within a group 442 of children and adolescents with CF. Whilst it is clear that there is much work to be done in this area, 443 we hope that this will serve as a starting point for improved modelling, not only in the arena of GP 444 emulators, but also in the domain of mechanistic modelling, which we shall describe briefly. 445
446
Perspectives for GP improvements
At present, the GP model is conditioned on specific data points for each patient. An improvement to 448 the GP could be made by instead conditioning with respect to distributions. Given that repeated tests 449 are often performed for the same individual, so that multiple sample points are provided for each 450 participant, we can consider a fit to a probability distribution capturing the variability in the identified 451 variables. This approach has advantages compared to standard GP models, such as avoiding 452 problems associated with overfitting and regularisation (which is important for the inverting ill-453 conditioned covariance matrices that often arise during the application of (1)- (2), (48). 454
455
Perspectives for mechanistic modelling 456
In order to better understand and characterise the difference between performances, it would be 457 extremely useful to construct and simulate a mechanistic mathematical model, based upon on 458 ordinary differential equation (ODE) framework, describing the relationship between the 459 cardiopulmonary system and the metabolic dynamics of skeletal muscle. By describing the 460 relationships between different organ-level systems, the model would be able to identify the patient-461 specific rate-limiting factors defining aerobic fitness. Moreover, analysis of the model could be used 462 to suggest treatment strategies to improve these factors and thus predict how patients will improve 463 under such regimes. 464
465
At the individual organ level, there are a plethora of models describing individual dynamics of the 466 level of the heart (49-52), lung (53-56) and systemic metabolic demand (57-63). There also exist a 467 number of models describing such interactions between cardiopulmonary and metabolic systems 68) in a variety of settings, including heart failure and mechanical ventilation. A core feature in all of 469 these models is the nonlinear interaction between the constituent model compartments that 470 encompass the distinct tissues. An important consequence of this is that the model must be studied as 471 whole, in an integrated fashion, to truly understand the body's response to exercise. 472
473
With respect to the present question, there are a number of limitations of the existing modelling 474 approaches. Most significantly, none have been designed with either an adolescent, or a CF patient 475 group in mind, and the nuances of these patient groups will have to be factored into to any model 476 development. In particular, these models have relatively simple, empirical models to describe 477 changes in ventilation, which may not capture breathing dynamics of our patient group well. 478 Moreover, to the best of our knowledge, no model considers the changes in ventilation separated into
482
In our analysis, we have demonstrated that the AT or GET location is a critical factor in determining 483 overall patient aerobic fitness. Many of the mathematical exercise models describe only steady-state 484 exercise, in which aerobic pathways meet most of the ATP demand (64-68). As such, these models 485 are inadequate to capture the dynamics we describe here. Another common topic of study is the 486 dynamic response at exercise onset, which again, does not meet the current need to describe the AT 487 crossing point (69-72). 488
489
Of the mathematical models that describe the contribution of anaerobic pathways to ATP production, 490 some assume that the shortfall in meeting ATP demand via oxidative phosphorylation is met entirely 491 by anaerobic pathways (73), yet this is clearly not so, since ATP levels in skeletal muscle post-492 exercise may be up to 30% lower than pre-exercise values (74). Mathematical models that factor in 493 fatigue brought about by anaerobic metabolism are generally phenomenological in nature, and it is 494 difficult to quantify these models against real patient data (73, 75, 76), and these models mostly fall 495 outside the arena of ODE-based modelling and so dynamical properties are difficult to infer from 496 them. 497 498 Developing a mathematical model to describe the integrated behaviour of all of the relevant organs, 499 whilst remaining biophysically plausible, but without requiring excessive or invasive 500 parameterisation is a difficult task. The proposed model should include descriptions of the 501 cardiovascular system, the ventilatory system and simple models of metabolism at the tissue level. 502
Specifically, dynamic variables should include alveolar, arterial, venous and tissue level partial 503 pressures/concentrations of O 2 and CO 2 , cardiac output, ventilation and metabolic rates oxygen 504 utilisation and CO 2 production. Partial alveolar gas pressures can be linked to data collected during 505 the test, and the work rate can then be provided as inputs to the model. Note that these variables are 506 similar to those included in previously defined models (64) (65) (66) (67) (68) ) and the aim is to extend these to 507 describe the dynamics observed in patients with CF. The proposed model schematic is displayed in 508 A limitation with the current study is the utilisation of a relatively small sample size, and this may be 534 contributing towards aforementioned errors. Future studies should seek to utilise CPET collected 535 annually in CF centres, to develop larger, multi-centre, samples whereby a uniform exercise protocol 536 is utilised. Given that utilisation of CPET is now recommended and endorsed for regular use by 537 international medical societies (81), and individual CF centres are reporting upon experiences of 538 using CPET (82), large-scale utilisation of such data is a feasible target. 539
540
The findings presented may be derived from a smaller sample, and therefore the models presented are 541 only preliminary results for this patient cohort; however, the study provides a unique examination 542 into the aerobic and anaerobic signatures of individual patients with CF in response to progressive 543 Benefits of modelling include the ability to utilise existing data sets at a time when there are limited 553 resources. There is also a call to reduce the burden on sick patients (EU directive). As models 554
improve and the quality of fits to data are improved, the models can be used in a prognostic setting to 555 predict potential improvements in aerobic fitness that may arise due to therapeutic intervention. 556
Moreover, with proper mechanistic modelling of the primary organs affected in CF, there exists the 557 potential to optimise treatment for this patient group by identifying the limiting factors of aerobic 558 fitness. 559
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